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ON KOLL\’AR’S INJECTIVITY THEOREM
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ABSTRACT. In this short note, we will explain Kodaira’s vanishing
theorem and Enoki)$s$ injectivity theorem, which is a generalization
of Koll\’ar’s injectivity theorem for compact K\"ahler manifolds. Our
main ingredient is the theory of harmonic forms on compact K\"ahler
















2.1 ( ). $X$
$L$ $H^{q}(X, Kx\otimes L)=0$
$q\geq 1$ $K_{X}$ $X$
2.2. $X$ $L$ $L$
( ) $L$

















3.1 (Kollar). $X$ $L$
( $m$ $L^{m}$
) $k$ $0\neq s\in\Gamma(X, L^{k})$
$\otimes s$
$\cross s:H^{q}(X, L^{l})arrow H^{q}(X, L^{l+k})$
$q\geq 0_{\backslash }l\geq 1$
3
3.2 (Enoki). $X$ $L$
$k$ $0\neq s\in\Gamma(X, L^{k})$
$\otimes s$
$\cross s:H^{q}(X,L^{l})arrow H^{q}(X,L^{l+k})$
$q\geq 0$ $l\geq 1$













4.1. $X$ $n$ $M$ $X$
42( ). $D_{M}$ $M$ $D_{M}$ $M$
$h_{M}$ $D_{M}$ $D_{M}’+D_{M}’’$ $(1, 0)$ $(0,1)$
$D_{M}’’=\overline{\partial}$ $h_{M}$
$D_{M}^{2}$ $\Theta(M)$
$M$ $\Theta(M)$ $X$ $(1, 1)$ - $\overline{\partial}\partial\log h_{M}$
43 ( ). $\psi$ $\varphi$ $M$ $X$ ($p$ , q)-
$M$ $h_{M}$ $X$ $g$ $\psi$
$\varphi$








4.6. $\Delta_{M}’’\varphi=0$ $\overline{\partial}\varphi=0$ $D_{M^{*}}’’\varphi=0$
$\mathcal{H}^{n,q}(X, M)$ $M$ $X$ $(n, q)$-
$M$ $X$
4.7 ( ). $\mathcal{H}^{n,q}(X, M)$
$H^{q}(X, Kx\otimes M)\simeq \mathcal{H}^{n,q}(X, M)$
2












4.10 ( ). $\otimes s$ $H^{q}(X, Kx\otimes L^{l})$ $H^{q}(X,$ $Kx\otimes$
Ll+ $\cross s$ :
$\mathcal{H}^{n,q}(X, L^{l})arrow \mathcal{H}^{n,q}(X, L^{l+k})$
$\varphi\in \mathcal{H}^{n,q}(X, L^{l})$
$s\varphi$ $:=S\otimes\varphi$
$L^{l+k}$ ($n$ , q)-






Proof. $\varphi\in \mathcal{H}^{n,q}(X,$ $L$ $s\varphi$
$\Delta_{L^{l+k}}’’(s\varphi)=0$
$\overline{\partial}(s\varphi)=0$ $D_{l+k}^{\prime\prime*}(s\varphi)=0$
\sim k\emptyset 8 $\varphi$
$\varphi$
$0= \Vert\overline{\partial}\varphi||^{2}+\Vert D_{L^{l}}^{\prime\prime*}\varphi\Vert^{2}=\Vert D_{L^{l}}’\varphi\Vert^{2}+\Vert D_{L^{l}}^{\prime*}\varphi\Vert^{2}+\int_{X}\langle\sqrt{-1}\Theta(L^{l})\Lambda\varphi, \varphi\rangle dV$
(1) $\varphi$ $X$
$D_{L^{l}}’\varphi$
($n+1$ , q)- $0$ $L$
$\langle\sqrt{-1}\Theta(L^{l})\Lambda\varphi, \varphi\rangle\geq 0$ $X$ $D_{L^{l}}^{\prime*}\varphi=0$
$\langle\sqrt{-1}\Theta(L^{l})\Lambda\varphi, \varphi\rangle=0$ $s\varphi$





4$\Vert D_{L^{l+k}}^{\prime\prime*}(s\varphi)\Vert^{2}=\int_{X}\langle\sqrt{-1}o-(L^{l+k})\Lambda(s\varphi), s\varphi\rangle dV$
$\langle\sqrt{-1}\Theta(L^{l+k})\Lambda(s\varphi), s\varphi\rangle=|s|^{2}\langle\sqrt{-1}\ominus(L^{l+k})\Lambda\varphi, \varphi\rangle=0$
$|s|$ $h_{L}^{k}$ $s$ $\Theta(L^{m})=$
$m\Theta(L)$
$D_{L^{l+k}}^{\prime\prime*}(s\varphi)=0$ $s\varphi$
4.11 ( ). $L$ $\sqrt{-1}\Theta(L)$
$\omega$ $g$ $\varphi\in$
$\mathcal{H}^{n,q}(X, L)$ $\langle\sqrt{-1}O-(L)\Lambda\varphi, \varphi\rangle=q|\varphi|^{2}$
$0= \Vert\overline{\partial}\varphi\Vert^{2}+\Vert D_{L^{*}}’’\varphi\Vert^{2}=\Vert D_{L}’\varphi\Vert^{2}+\Vert D_{L^{*}}’\varphi\Vert^{2}+q\int_{X}|\varphi|^{2}dV$





5.1. $f$ : $Xarrow Y$ $X$ $Y$
$E$ $X$ $h_{E}$ $E$
$L$ $X$ $h_{L}$ $L$








(iii) $\sqrt{-1}(\Theta(E)+Id_{E}\otimes\Theta(F))\geq Nak0$ $X\backslash Z$
$(iv)\sqrt{-1}(\Theta(E)+Id_{E}\otimes\Theta(F)-\epsilon Id_{E}\otimes\Theta(L))\geq_{Nak}0$ $X\backslash Z$
$\epsilon$
$\geq Nak0$ $s$ $L$
$\otimes s$










$D$ (X, $D$ )
$D$ $X$
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